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Abstract. We provide several effective equivalent characterizatiohEF (the
modal logic of the descendant relation) on arbitrary trésre specifically, we
prove that, folEF-bisimulation invariant properties of trees, being defladly an

EF formula, being a Borel set, and being definable in weak marsetiond order
logic, all coincide. The proof builds upon a known algebretiaracterization of
EF for the case ofinitely branchingtrees due to Bojahczyk and ldziaszek. We
furthermore obtain characterizations of modal logic omsitve Kripke struc-
tures as a fragment of weak monadic second order logic artegf-talculus.

1 Introduction

Determining effective characterizations of logics on $ré&san important problem in
theoretical computer science, motivated by the desirettefagenderstand the expressive
power of logics such as first-order logie®) or the temporal logi€TL* on trees.

While for finite words this kind of problem is well-studiedhet list of results for
trees is much more frugal. The situation has improved @ littlthe last years, thanks
to the successful use tidrest algebragsee [9]). Notably, this formalism has been used
for obtaining decidable characterizations for the clasddésee languages definable in
EF + EX[8], EF + F~! [4,15],BC-X(<) [6,15], A5 (<) [7,15], in FO with the child
relation and in-O with counting quantifiers (modulo an integer) and the chelldtion
[1]. This approach has then been extended in the case of ithgotal logicEF on
infinite but finitely branching trees by Bojahczyk and Idzek [5].

These results all demonstrate the importance of the algeéparoach to obtain-
ing decidable characterizations of logics. In the case fifite trees, it is natural to
ask whether such logics also adiapologicalcharacterizations. Take for instance the
logic EF, the modal logic of the descendant relation, which is a fraginof the modal
p-calculus. The formulauz.Oz of the modalyu-calculus, which defines the class of
well-founded trees, is not equivalent to aBl-formula. This follows from results of
Bojanhczyk and ldziaszek [5] since the syntaciiforest algebra of the class of finitely
branching trees satisfyingx.Ox fails to satisfy one of the algebraic equations that
characterize the expressive powertdt on finitely branching trees. However, there is
another explanation for the fact that.Ox is not equivalent to a&F-formula, which
involves topology: the class of (arbitrarily branching)lilfeunded trees is not Borel,
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while EF-formulae can only define tree languages that are Borel. rBiiggs the ques-
tion whethelEF, as a fragment df1SO, can be characterized by topological means.

In this work we give a positive answer to this question. Wevprthat a (not nec-
essarily finitely branching) tree languagebB-definable if and only if it is invariant
for EF-bisimilarity and Borel. Sinc&F is a fragment ofveak monadic-second order
logic (WMSOQ) and allWMSO-definable tree languages are Borel, we obtain as a corol-
lary thatEF is theEF-bisimulation invariant fragment aVMSO. All the proofs make
crucial use of the results in [5]. Secondly, these chareatons are effective: given
an MSO formula, one can effectively test whether it definesE&idefinable tree lan-
guage. Thirdly, these characterizations show tha&febisimilar invariant languages
WMSO is the Borel fragment ofMSO. Since for all tree languag&8MSO andMSO
are incomparable (cf. Remark 1 in Subsection 2.2), this agba true in general. It
is however an open question whether such a relative chaizatien of WMSO holds
when restricted taompletebinary trees (cf. [13]).

Theorem 1. Let L be anyMSO-definable tree language. The following are equivalent

and decidable:

(1) L is EF-definable,

(2) Lis closed undeEF-bisimulation andVMSO-definable,

(3) L is closed undeEF-bisimulation and Borel,

(4) L is closed undeEF-bisimulation, and for every.-idempotent context, and for
every forestf, ¢(f) and(c + cf)> are L-equivalent.

Note that here, we consider the monadic second-order lgeguih the child relation
and without a horizontal sibling-order relation.

The fourth condition, which is essentially the conditioatttvas used in [5] to char-
acterizeEF on finitely branching trees, involves some algebraic natithrat we will
introduce in Section 2. Thm. 1 does not hold fmmitely branching trees. This is be-
cause on finitely branching trees, well-foundedness isvatgrit to finiteness, which is
Borel and closed undé&f-bisimulation but noEF-definable.

From Thm. 1, we finally obtain the following effective chatexizations of modal
logic on transitive Kripke models (with a suitable definitiof what it means for a class
of pointed Kripke models to be Borel):

Theorem 2. For everyu-formulag, the following are equivalent and decidable:
(1) ¢ is equivalent on transitive Kripke models to a modal formula

(2) ¢ is equivalent on transitive Kripke models t®&aMSO-formula,

(3) the class of pointed transitive Kripke models satigfyjris Borel.

Theorem 3. For everyWMSO-formula¢(z), the following are equivalent:

(1) ¢(x) is equivalent on transitive Kripke models to a modal formula
(2) ¢(x) is bisimulation invariant on transitive Kripke models.

SinceEF is a fragment of first-order logic (with the descendant fetgt Thm. 1, 2
and 3 imply thattF is the EF-bisimulation invariant fragment dfO on trees and that
modal logic is the bisimulation invariant fragmentfe® on transitive Kripke models.
Both were known (cf. [11, Thm. 4.12]).



2 Preliminaries and groundwork

2.1 The beauty of trees

Trees, forests, context#\ colored directed graph over a finite alphabek, called a
X-colored directed graph, is given by a trigle,, <,, A ) such that the domaiW, is a
(possibly empty) set of nodes,,C V,, x V, is a directed edge (or arrow) relation and
Ag 1 Vg = Xis a coloring function. A node € V is called a root if there is no node
y € V, such thaty <, =. A path from a node: to a nodey is a sequencér, . .., z,,)

of nodes such that; = z, z,, = y and for every) < i < n, z; <4 x;+1. We say that
a noder is reachable from a nodgif there is a path fromy to z. A pointedX’-colored
directed graph is a paiy, s) whereg is a X'-colored directed graph ande V.

Unordered treedtees for short) will be colored directed graphs with a uniquetroo
(if the graph is not empty) and where every node is reachadbfgya unique path from
the root. Given two nodes, y € V,, we say thay is a son ofr andx is a parent ol
if z <4 y. In general, if there is a path of length at least 2 freto y, thenx is called
anancestornf y andy is called adescendandf x. A node that is not an ancestor of any
node of a tree is calledlaaf A treet is said to bdinitely branchingf for every node
x, the set of sons af is finite. The depth of a node in a treet is the length of the
path from the root of to «. Given a tre¢ = (V;, <+, \+) and node: € V;, the subtree
rooted inz is the tree.x = (Vi o, <¢ |v,.., Aelv, , ) whereV, , is the set of all reachable
nodes ofV; fromz, <: |v, , =<t N(Vix X Vi) @andMely, , = AN (Vi X X). Atree
is calledregularif, up to isomorphism, it has only finitely many subtrees. Fheof all
trees over a finite alphabét is denoted byl's,. A subsetl. C T is called a¥-tree
language or simply a tree language.

A forest over a finite sel is a colored directed graph over a finite alphabetith
possibly more than one root (and at least one if the domaintiempty) but such that
any node is reached by an unique path from a single root. Gierestf, and a node
2 of its domain, byf.z we denote the subtree @frooted inxz. A context is a forest with
a hole. Formally, a context ovér is a forest ove” U {ll} where exactly one node is
labeled by ®", and it is a leaf but not a root. As usual, we do not distinguistween
two isomorphic trees or forests.

Operations on forests and contexté/e define two types of operations on forests and
contexts: a (horizontaoncatenatiomperation, denoted by, and a (verticaltompo-
sition operation, denoted by Contrary to the concatenation operation, the composition
operation is not commutative.

Given a sequence of forests : i € a), with @ € wU {w}, we want to concatenate
these forests. Note that each forest can contain infinite@lgymooted subtrees, and the
length of the sequence itself, i.e., can be infinite. The concatenation of the forefts
is defined as the fore$t, ., f; obtained by taking the disjoint union of all forests
Since we identify isomorphic forests, this operation is ommative and associative.

We allow also to concatenate a sequence of forests wherefoneno is a context.
Clearly the result of such a concatenation is a context.

Concerning vertical composition, we can compose a comrtexth a forest, resp. a
context,f, and obtain as a result a forest, resp. a conté€xt, simply by replacing the



hole node of: by f. More formally, letc be the contextV,, <., \.) and f be the forest
(Vr, <, Ar). Without loss of generality, we can assume thah V; = (0. Leth € V.
be the unique node labelled bl" and iy € V. be its unique parent, and Ig} be the
set of roots off. Thenc(f) is the forest defined bi(V,. \ {h}) UV, <", X') where

o < lvany ==e lva(ny and<" |y, ==y, andforallz € pf, ho <"z,
o Nlvagny = Aclvaygry andXly, = Ay
For every pair of contexts ¢’ and every foresf, we have that(c'(f)) = (c(c'))(f).

Note that, restricted to finitely (unordered) branchingteats and forests, the op-
erations of concatenation and composition corresponc:torties in [5].

Myhill-Nerode equivalenceGiven a tree languagg, we want to define a notion of
equivalence with respect o, analogous to the well known Myhill-Nerode equivalence
relation for finite words. Intuitively, two forests, or twauotexts, arel.-equivalent if
they “behave the samavith respect tol.. The definition we use, which we will now
present, is essentially the one in [5] (cf. Remark 2).

The crucial notion here is that of template There are two kinds of templates,
forest-templateandcontext-templates\ forest-template for an alphabgtis a forest
over the alphabeX’ U {x} in which one or more leafs (possibly infinitely many) are la-
beledx, and no non-leaf node is labeledSimilarly, a context-template fot' is a forest
over the alphabel’ U {*} in which one or more nodes (possibly infinitely many) are
labeled %”. Intuitively, the occurrences ofx” in a forest-template are placeholders for
forests, and the occurrences af in a context-template are placeholders for contexts.

In what follows, we will make use of the operation of replaria subtree with
another forest. We will not give a formal definition of thisesption. Just note that it
can be defined in a straightforward manner by using horiz@aiacatenation and a
generalization of the substitution operation used in dedinviertical composition.

Thus, given a forest-templafeover X' U {x} and a foresy over X', we denote by
f[* — g] the forest obtained by replacing every node labeldrf f with the foresy.
Similarly, given a context-templateover X’ U {x} and a context over X, we denote
by f[x — ¢] the forest obtained by replacing every subtree startingraide labeled
“x"in f with the forest obtained by composing the contewith the (possibly empty)
forest given by all the subtrees rooted at a child of the a®rsid node labeled". In
the special case wheffeis the infinite unary tree labeled by, then for every context
¢, f[*x — ¢] will be denoted also by>.

We call a forest-templatguardedif no root is labelled by *”. Analogously for
context-templates. Ldt C T’y be a tree language over an alphabetVe say that two
contextscy, co, over X' are L-equivalent (denoted by, =;, ¢2) if for every guarded
context-template over alphabell U {x}, t[x — ¢1] € L iff t[x — ¢3] € L. Similarly,
two forestsfi, f» are L-equivalent (denoted by, =, f2) if for every guarded forest-
templatet over X U {x}, t[x — fi1] € Liff t[x — fo] € L.

Note that since we are working withee languages, we can safely ignore forests
t[*x — f] ort[x — ] that are not trees. Moreover, note that two trees (seen ast&r
can beL-equivalent while they do not agree on membership.in

Proposition 1. L-equivalenceis an equivalence relation (both on contextisam forests).



There is a natural generalization of forest-templates amdext-templates, where
the holes are marked. More precisely, multi-forest-teit@sland multi-context-templates
for an alphabef” are forests over an extended alphabet) {xi,...,x,}, satisfying
the same conditions as forest-templates and context-seemplGiven a multi-forest-
templatet over X U {1, ..., *,} and forests, .. ., f,, the forest obtained by replac-
ing every node labeledx;” in t with the forestf;, withi = 1,...,n is denoted by
tx1 — f1,...,%n — fn]. Similarly for multi-context-templates.

The next lemma for-equivalence and multi-forest-templates will be very usef

Lemma 1. Let L be anyX'-tree language ang any multi-forest-template over the ex-
tended alphabe¥U{x1, ..., , }. Consider two finite sequences®fforests(gi, . .., gn)
and (hq, ..., hy) such thatg; and h,; are L-equivalent, for eachh = 1,...,n. Then
f*1 0 g1y oy kn = gn] @nd flx1 — hq, ..., %, — hy] are alsoL-equivalent.

The previous lemma can analogously be shown to hold for raahtext templates.
From now on, when speaking about forest, templates we almagsguardedfor-
est, analogously with context.

2.2 Monadic Second Order Logics

A colored directed graph over an alphabeY’ can be viewed as a relational structure
My = (Vy, <4, (P):a e X))

where PY are unary predicates with the interpretatiBf = {v € V, : \,(v) = a}.
Colored directed graphs, and in particular forests, agioglal structures can be de-
scribed in first- or second-order logics with the child rielat(<) plus unary predi-
cates. In this paper we are interested in monadic secoret-lmgic (MSO) and in weak
monadic second-order logit\MSO).

Let Var; = {z,y,...} be a countable infinite set of first-order variables, and
Vary = {X,Y, ...} a countable infinite set of monadic second-order varialeg&n a
finite alphabel’, the set oMSO-formulae overy is defined by the following grammar:

pu=z=yle=y|Puz)| X(@)|~¢|oN¢|Trd|3IX¢

witha € X,z € Vary, X € Var,. A formula with no free variables is calledsantence

The semantics oMSO-formulae is given in terms of valuations. Letbe a col-
ored directed graph. We can identify a valuatiah over g with a pair of functions
(vali,valy) whereval; : Vary — V, andvaly : Vary — p(V,) (we usep to denote
powerset). Thus, a valuation for a (nonempty) colored tiegraphy assigns to every
first-order variable an element from the domain and to eachrgkorder variable a
set of elements from the domain.weakvaluation is a valuation that assigns to each
monadic second-order variable a finite set, i.e., suchwhat Vars — oin (V).

The meaning of a formula in a nonempty colored directed graplrelative to a
valuationval for g is then defined in a standard way, using arbitrary valuationsing
weak valuations. When we say that a formula isM8&0O-formula, resp. aVMSO-
formula, we mean that the formula is interpreted using eabjt resp. weak valuations.



Remark 1.The adjective “weak” is a bit misleading, singéMSO is in general not a
fragment ofMSO. Indeed, the class of finitely branching trees is not defmabMSO
(because, as we will see, evévisO-formula that is satisfiable on trees is true of some
finitely branching tree) but is defined by tieMSO-formulaVz3XVy(z < y — Xy).
The class of well-founded trees is definableMSO but not inWMSO, as will follow
from results we discuss below (in particular, from the faet the class of well-founded
trees is not Borel). On finitely branching tre&8MSO is strictly less expressive than
MSO. This follows from the fact that on finitely branching treeX fis a finite set” is
expressed by theISO-formulavY (Vo (Yx — Xaz) AVy(Yy — 2(Yz Ay < 2)) —
-Jy(Yy)) (X does not contain an infinite path”).

Given anMSO sentencep over the alphabek’, the tree language defined byis
the set of non empty trees:

L(¢) ={teTx \{0}: ¢istrueinil;}

Analogously for aVMSO-formula. We say that a tree langualyés (W)MSO-definable
if there is a W)MSO-formula¢ such thatl = L(¢).

Forn > 1, we denote by=,, the equivalence relation that holds between two struc-
tures if they cannot be distinguished by $O-sentence of quantifier depth It is
well known that, for eacth > 1, over a finite signature, there are only finitely many
=,-Classes of structures. It follows that every structure loarcompletely described
up to =, -equivalence by a singI®SO-sentence of quantifier depth Furthermore,
the equivalence relatior,, can be characterized using a variant of Ehrenfeucht-$&ais
games. These games are similar to the ones for first-ordes;, lexcept that there is a
second type of move, where Spoiler selects a set of elemeoteiof the two structures
and Duplicator responds with a corresponding set of elesriarihe other structure (in
order for Duplicator to win the game, the resulting bijentghould not only be a par-
tial isomorphism with respect to the relations in the stuues, but should also preserve
membership in the chosen sets). As in the first-order casplidator has a winning
strategy in then-round game{ > 1) iff the two structures satisfy the sanhéSO-
formulae of quantifier depth at most

Proposition 2. If L is an MSO-definable tree language, then there are only finitely
many L-equivalence classes of forests and contexts. Moreovery dv+equivalence
class (of forests and of contexts) has a finitely branchirgyregular member.

Remark 2.1t can be naturally asked what is the relation between thediced no-
tion of L-equivalence and the one originally introduced by Bojgkcand |dziaszek.

It follows by the previous Prop. 2 that if-equivalence were defined using regular
forest-templates and regular context-templates onlyyéisalt would be the same as
L-equivalence the way we defined, assuming tha aMSO definable tree language.
This means that our definition essentially coincides withdhe used in [5].

We still need a slightly more fine-grained version of Prof.ét.c be a context and
f aforest. By dorest built frome and f, we will mean a foresg for which there exists
a forests such that replacing each non-leaf node oy a copy ofc and replacing each
leaf-node ofs by a copy off yieldsg. We then say that is theskeletorof g.



Proposition 3. Let L be anyMSO-definable tree language. Letbe a contextf a
forest andy a forest built frome and f whose skeleton satisfies soMB80-sentence).
Then there is anl.-equivalent foresy’ built from ¢ and f, whose skeleton is regular,
finitely branching and satisfiag as well.

2.3 The logicEF and EF-bisimulation

Fix an alphabel’. The set of formulae dEF over is defined by the grammar

pu=aloN¢| ¢ |EFP  (a€X)

The semantics dtF over non empty’-trees (where the distinguished node is the root
of the tree) is defined inductively as usual by saying thatye#&-formulaa € X' is
true in trees with root label and that arEF formulaEF¢ is true in trees that have a
proper subtree whergis true. For anyeF formula¢, the class of trees whetgis true

is denoted byl.(¢). Given a tree languagk, we say that_ is EF-definable if there is
anEF-formula¢ such thatl, = L(¢). The following is well-known (see, e.qg., [3]):

Proposition 4. Every EF-definable tree language is als&¢/MSO-definable (and, in
fact, definable in first-order logic with the descendant tiela).

Following [5], we introduce a special bisimilarity game ardsts, called th&F
bisimulation game. We first define the game in the case of.ttesg, andt; be two
trees. TheF bisimulation game ovey andt; is played by two players: Bob and Anne.
The game proceeds in rounds. At the beginning of each robadtate in the game is a
pair of treeqt(,, ¢} ). Around is played as follows. First if the root labels a; of ¢, t}
are different, then Bob wins the whole game. Otherwise Bidrteone of the trees,
fori = 0,1, and its subtres,. Then Anne selects a subtrege_; in the other tree _,.
The round is finished, and a new round is played with the stadted to(sg, s1). If
Anne can survive for infinitely many rounds in tB€ bisimulation game omn, andt;,
then we say that the treégandt; areEF-bisimilar.

Note that clearly if two trees are bisimilar in the standawywhey also ar&F-
bisimilar. The converse need not to be true. Consider fomgka the binary tree on
the alphabefa, b} where the only nodes labelled byare the nodeg?**1, with k& > 0,
and the tree’ on the alphabefa, b} where the only nodes labelled byare the nodes
0%F, with & > 0. The two trees argF-bisimilar but not bisimilar.

A tree languagd. is calledinvariant underEF-bisimulationif it is impossible to
find two treesfy € L andt; ¢ L that areEF-bisimilar. From the previous remark on
the interrelation between standard bisimilarity &fcbisimilarity, if two tree languages
areEF-bisimilar they are also bisimilar, but the converse is ingral not true.

This game is so designed that all tree languages defined By &ormula are in-
variant undeEF-bisimulation. Formally, we have that:

Proposition 5 ([5]).EveryEF-definable tree language is invariant undgf-bisimulation.

The converse is false. A counter-example is the languagh wk#-founded trees
over a fixed finite alphabet. This language is invariant uriefebisimulation but it
cannot be defined by &fF-formula, as follow from Thm. 1.

We say that a contextis L-idempotenif the compositiorc(c) is L-equivalent ta-.



Theorem 4. An MSO definable tree languagk can be defined by aBF formula iff

(1) Lis invariant underEF-bisimulation;
(2) for everyL-idempotent contextand for every foresf, ¢(f) =1 (¢ + ¢(f))™

Moreover the previous two conditions are decidable.

Remark 3.This characterization of the logieF was proved by Bojahczyk and ldzi-
aszek in [5] for the case of finitely branching trees. It falfofrom Prop. 2 that the
result holds for arbitrarily branching trees as well. Slyispeaking, the result in [5] is
different as it characterizes definability Bff-formulae that are Boolean combination
of formulae of the fornEF¢. However, as explained in [5], this is not an essential re-
striction. More precisely, call aBF-formula a EF-forest formulaif ¢ is a Boolean
combinations of formulae of the for&F¢. Then, one can prove that evetif-formula

¢ is logically equivalent to/\ .. ,(a — ¢,), where eachy, is anEF-forest formula.
This means that a tree languafes EF-definable iff, for everya € A, the language
L, is definable by artF-forest formula, where a trefeis said to be inZ, iff the tree
obtained fromr by relabeling its root withu is in L. Thus, the equivalence relatieny,

in the previous theorem is, strictly speaking, the finiteiséction of al=y, .

We extend the notion dEF-bisimilarity to forests by saying that two forests, f-
areEF-bisimilar if the trees obtained fronfy and f> by adding a “fresh” root, ar&F-
bisimilar. More precisely, leff; and f, be two forests ovel’. Lett; andt, be any
pair of trees ove” U {a}, a ¢ X, such that: (i) each foregt is obtained from the
corresponding treg by removing the root node and (i) (¢) = t2(¢) = a. Then we
say thatf,; andf, areEF-bisimilar if the treeg; andt, areEF-bisimilar. Note that for
forestsf; andfs> consisting of a single trelg andt, respectively, saying that and fo
areEF-bisimilar is not the same as saying thagtnd¢, areEF-bisimilar.

The following lemma, relatingF-bisimilarity to L-equivalence, will come in handy
later on. Call two context&F-bisimilar, if they are bisimilar when viewed as forests
over an alphabet containing an additional latit.”

Lemma 2. Let L be anyEF-bisimulation-invariant tree language. Then every a6
bisimilar forests ard.-equivalent and every tweF-bisimilar contexts ard.-equivalent.

2.4 The topological complexity of tree languages

A topological space is a séf together with a collection of subsets ofX (called the
open sets) containing the empty set axdtself, such thatr is closed under arbitrary
unions and finite intersections. Subsets of a topologicatsi can be classified ac-
cording to their topological complexity, where the operssetd their complements (the
closed sets) are considered to have the lowest complexityid context, the notion of a
Borel set naturally arises. The d&rel(X) of Borel sets of a topological spac&, 7)
is the smallest set that contains all open set& pénd is closed under countable unions
and complementation. The Borel sets of a topological spanebe further classified
into an infinite hierarchy, but this will be irrelevant forgsent purposes.

The topology we will consider here on trees is fhrefix topologywhere the open
sets are, intuitively, those sets of trees for which menthprsf a tree is withessed by



a finite-depth prefix of the tree. Thus, for example the sete¥d containing a node
labeleda is an open set, but the complement is not.

Formally, for a¥’-treet and a natural number > 1, thedepth# prefixof ¢, denoted
by t("™), is the X-tree obtained by restricting the domaintab all the elements of; of
depth at most. We say that two treest’ areequivalent up to depth if ¢t = /(%)
We call a setX of trees open if for each € X there is a natural number > 1 such
that for all trees’, if ¢t andt’ are equivalent up to depth thent’ € X. The reader
may verify that this indeed yields a topological space. Wversay that a set of trees
is Borel, we will mean that it is Borel with respect to this tdpgy.

By induction on the structure of a formula, it is easy to wetifat:

Proposition 6. EveryWMSO-definable set of trees is Borel.

A tree iswell-foundedif it has no infinite branch. It is well-known that the tree
language of all well-founded trees is an example of a treguage that isot Borel.

Given two topological space¥ andY, a functionF’ : X — Y is continuous if
for every openseb C Y, F~1(B) C X is also open. Iff' : X — Y is a continuous
function, andA C X and B C Y are sets such that—(B) = A, then we write
A <w B, and we say thatl continuously reduces tB. The relation<yy is clearly a
pre-order. Intuitively,A <y, B means thatd is topologically no more complex than
B. In particular, we have the following well known fact:

Proposition 7. If X andY are topological spaced C X, B C Y are sets, such that
A <w B, thenB € Borel(Y') impliesA € Borel(X).

Given a depths prefix t(™) over X, by t™) . T, we denote the set of all trees ovBr
extending:(™). The next proposition, determining a sufficient condition4 function
in order to be continuous, will be very useful.

Proposition 8. Let Y’ and X’ be two finite sets, anf be a function fron¥'s; into T'x».
If for every depths prefixt(™) over X there exists a depth-prefixt'(") over X’ such
that F/(t(™ - Ty) C #/(™ . T, thenF is continuous.

3 Main Result

We now prove the equivalence of the given characterizatibttse logicEF on trees.

Theorem 1 Let L be anyMSO-definable tree language. The following are equivalent

and decidable:

(1) L is EF-definable,

(2) Lis closed undeEF-bisimulation andVMSO-definable,

(3) L is closed undeEF-bisimulation and Borel,

(4) L is closed undeEF-bisimulation, and for every.-idempotent context, and for
every forestf, ¢(f) and(c + ¢f)>° are L-equivalent.

Proof. The proof proceeds in a round-robin fashion. Decidabititiofvs from Thm. 4.
(1)=-(2) follows by applying Prop. 5 and Prop. 4, £2}3) by Prop. 6, while (4)>(1)

is given by Thm. 4. The proof of (3}(4) is by contraposition. Suppose there is an
idempotent context and a forest such that:(¢) and(c + ¢(t))°° are notL-equivalent.
There are two cases:
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(a) for some forest-template e[x — ¢(t)] € L ande[x — (¢ + ¢(t))>*°] € L,
(b) for some forest-templatg e[x — c(t)] € L ande[x — (c+ ¢(t))*>°] € L.

We will show that both these two possibilities imply thiatis not Borel, by giving a
continuous reduction of the non-Borel $&F or its complement td.. Recall thatWF
is the set of all well-founded trees over an alphabet cangisif a single letter..

For any tree’ over {a}, lett’ be the forest obtained as follows:tifis the empty
tree thert’ is ct, otherwise” is obtained by replacing every leaf nodetoby the forest
ct, and replacing every non-leaf node by the context ct). Finally, let F'(¢") be the
treee(P), i.e., the result of replacing evewyin e by #'. Because for every, the firstk
levels oft determines the firgt levels of F'(¢), by Prop. 8F is continuous.

Claim (i) if ¢’ € WF, thentA’Ais L-equivalent tact
Claim (i) if ¢’ ¢ WF, thent’ is L-equivalent to(c + ct)>

This implies thatl is not Borel. Indeed, suppose case (a) holds. From the above
claim, we obtain that' € WF iff F'(¢') € L. This means that'~!(L) = WF, proving
thatWF <y L. Analogously, if case (b) holds, from the previous claim vieeain that
t' e WFC iff F({')e L, whereWFC is the complement OfVF. ThusF~Y(L) = WFC
and therefor&VF® <y L. It remains only to prove the above claim.

We first introduce some terminology. Clearty,is a forest that is built from the
contextc and the tree. Let us denote the skeleton by s. Suppose that is not well-
founded. Ifx is a node in the domain afsuch that the subtreer is well-founded and
there is no ancestorof = such thas.y is also well-founded, then we call the subforest
of ¢/ built up fromc andt whose skeleton is.z amaximal well-founded subforest©f

We first prove claim (i). Suppose théte WF. Then, clearlys is well-founded. By
Prop. 3,t’ is L-equivalent to a finitely branching, regular forgstbuilt up from¢ and
t whose skeletorn” is well-founded (recall that well-foundednesM$O-definable).
Since every infinite finitely branching tree has an infiniteriwh, we then know that the
skeletons” is in fact finite. Letk be the length of the longest branch4f. It is easy
to see that” is EF-bisimilar to a tree that has a single path whose labels (fiesd
the root to the leaf) form the woref+'t. For convenience, we denote this tree itself by
cF*+1t. Analogously, it is not hard to see thétis EF-bisimilar to the forest built up from
c andt whose skeleton is"'t, i.e., the forest"*'¢. SinceEF-bisimilarity implies L-
equivalence (Lemma 2j; is L-equivalent toc*+1t. And sincec is an L-idempotent
context, we have that is in fact L-equivalent ta-t.

Next, we prove claim (ii). Suppose thiatz WF. Clearly,s is non well-founded. By
Prop. 3,t’ is L-equivalent to a regular (finitely-branching) foréstouilt up frome and
t whose skeletos” is non well-founded (recall that non well-foundednes#/iSO-
definable). Becaus#' is regular, there are only finitely many maximal well-foudde
subforests ot” built up fromc andt. Thus since we know that every well-founded
forest built frome andt is L-equivalent toct, we can take all maximal well-founded
subforests of”” built up frome andt and replace each of these subforeststbiere, we
use the substitution lemma (Lemma 1). Furthermore, bedakbg#similarity implies
L-equivalence (Lemma 2), if the resulting forest containgess copies of:t next to
each other as siblings, they can be collapsed into one. Tdlgsya new forest that can
be viewed as a forest built up from the contextct alone, whose skeleton has no leafs.
But any such forest iEF-bisimilar, hence -equivalent, to the foresgt + ct)>. O
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4 Eliminating recursion from p-formulae on transitive structures

Recall that a Kripke model is a non-empiyProp)-colored directed graph, whePeop

is some set of proposition letters, and thaiaintedKripke model is a Kripke model
with a distinguished state. We may assume thaip is finite. Kripke models are more
general than trees: they can contain cycles, there is nessadly a unique root, and a
node may satisfy any number of proposition letters.

We refer to [10] for the syntax and semantics of the mqgdahlculus. The class
of all pointed models of a-formula ¢ is denoted byl|¢|, whereas the class of all
transitivepointed models of is denoted by|¢||*". Notice that the logi€F can be seen
as modal logic interpreted on the transitive closure ofdree

On arbitrary Kripke models, modal logic corresponds to tis@ntulation invariant
fragment of first-order logic [2], whereas the mogatalculus is the bisimulation in-
variant fragment ofSO [12]. This means that on arbitrary Kripke modelg,-éormula
is equivalent to a modal formula iff it is equivalent td~® formula. Moreover, by a
result of Martin Otto [14], this is decidable. We prove anlagaus effective character-
ization for transitive models:

Theorem 2 For everyu-formulag, the following are equivalent and decidable:
(1) ¢ is equivalent on transitive Kripke models to a modal formula

(2) ¢ is equivalent on transitive Kripke models t®MaVSO-formula,

(3) the class of pointed transitive Kripke models satisfyins Borel.

For ap-formulag, let (¢);, be theu-formula obtained fromp by replacing every
subformula of the form>¢ by puz.<(x V ¢) wherex is a fresh variable. For @MSO
formula ¢, let (¢)jymso be theWMSO formula obtained fromp by replacing each
subformula of the formz < y by the WMSO formula that says that the nodeis
reachable fromx along~. Itis easy to see that the following holds :

Lemma 3. For every pointed Kripke modéy, s)

(1) for everyu-formulag, we have thatg, s) € ||(¢); ]| iff (¢*, s) € [[¢]|*
(2) for everyWWMSO-formula¢, we have thato)ise is true ing iff ¢ is true ing*

where byg* we denote the transitive closure @f

We now define what it means for a class of models to be “Boreief® a pointed
model(g, s), its set of tree companionis the setl'(g, s) of pointed modelg¢, ) such
that(g, s) is bisimilar (in the usual sense) with, ), and the underlying directed graph
of ¢ is a tree with root. For a set?” of pointed models]'(P) = U, sep T(g, 5). We
say that the set of pointed transitive models of-formula ¢ is Borel iff 7'(|| (¢),1]),
viewed as a tree language oygProp), is Borel. We can finally proceed to show how
Thm. 2 follows from Thm. 1.

Proof of Theorem 2The implication(1) = (2) is easily verified. Thus, if we verify that
(2) = (3) and(3) = (1) we are done. For the first implication we reason as follows.
Suppose thap is equivalent on transitive Kripke models ta/VISO-formula~y. Then

by Lemma 3,(¢);, is equivalent onp(Prop)-trees to theWVMSO-formula ()iymso-

By Prop. 6 we obtain thal'(||(¢);||) is a Borel set. For the second implication, first



12

recall that for evernfF-formulay, there is a modal formula such that for every tree

t overProp, ¢ is true overt iff (¢,r) € ||(«);, wherer is the root oft. Suppose that
|¢[|* is Borel. By definition, this means thdi(||(¢);||) is a Borel set. But on the one
hand we have that the sé{(||(¢);,[|) is the set of tree models of theformula(¢);,,
meaning that it i9VISO-definable. This set is clearly closed uné&&+bisimulation. By
Theorem 17°(||(¢);;1) is EF-definable, meaning that, by applying Lemma 3, there is
modal formulay such that|y||* = ||&[|*". O

Theorem 3 For everyWWMSO-formulag(z), the following are equivalent:
(1) ¢(z) is equivalent on transitive Kripke models to a modal formula
(2) ¢(x) is bisimulation invariant on transitive Kripke models.

Proof. (1) = (2) is clear. In order to prove (2> (1), we reason as follows. Lé{x) €
WMSO be bisimulation invariant on transitive models. THg®(z))\ymso |l is closed
under bisimulation. By [12], there is @formula) equivalent to(¢(x))mso ON all
models, meaning that«) andy are equivalent on transitive models. By applying Thm.
2 we conclude the proof. a
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