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Abstract. We provide several effective equivalent characterizations of EF (the
modal logic of the descendant relation) on arbitrary trees.More specifically, we
prove that, forEF-bisimulation invariant properties of trees, being definable by an
EF formula, being a Borel set, and being definable in weak monadic second order
logic, all coincide. The proof builds upon a known algebraiccharacterization of
EF for the case offinitely branchingtrees due to Bojańczyk and Idziaszek. We
furthermore obtain characterizations of modal logic on transitive Kripke struc-
tures as a fragment of weak monadic second order logic and of theµ-calculus.

1 Introduction

Determining effective characterizations of logics on trees is an important problem in
theoretical computer science, motivated by the desire to better understand the expressive
power of logics such as first-order logic (FO) or the temporal logicCTL∗ on trees.

While for finite words this kind of problem is well-studied, the list of results for
trees is much more frugal. The situation has improved a little in the last years, thanks
to the successful use offorest algebras(see [9]). Notably, this formalism has been used
for obtaining decidable characterizations for the classesof tree languages definable in
EF+ EX [8], EF+ F−1 [4,15],BC-Σ1(<) [6,15],∆2(≤) [7,15], in FO with the child
relation and inFO with counting quantifiers (modulo an integer) and the child relation
[1]. This approach has then been extended in the case of the temporal logicEF on
infinite but finitely branching trees by Bojańczyk and Idziaszek [5].

These results all demonstrate the importance of the algebraic approach to obtain-
ing decidable characterizations of logics. In the case of infinite trees, it is natural to
ask whether such logics also admittopologicalcharacterizations. Take for instance the
logic EF, the modal logic of the descendant relation, which is a fragment of the modal
µ-calculus. The formulaµx.2x of the modalµ-calculus, which defines the class of
well-founded trees, is not equivalent to anyEF-formula. This follows from results of
Bojańczyk and Idziaszek [5] since the syntacticω-forest algebra of the class of finitely
branching trees satisfyingµx.2x fails to satisfy one of the algebraic equations that
characterize the expressive power ofEF on finitely branching trees. However, there is
another explanation for the fact thatµx.2x is not equivalent to anEF-formula, which
involves topology: the class of (arbitrarily branching) well-founded trees is not Borel,
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while EF-formulae can only define tree languages that are Borel. Thisraises the ques-
tion whetherEF, as a fragment ofMSO, can be characterized by topological means.

In this work we give a positive answer to this question. We prove that a (not nec-
essarily finitely branching) tree language isEF-definable if and only if it is invariant
for EF-bisimilarity and Borel. SinceEF is a fragment ofweak monadic-second order
logic (WMSO) and allWMSO-definable tree languages are Borel, we obtain as a corol-
lary thatEF is theEF-bisimulation invariant fragment ofWMSO. All the proofs make
crucial use of the results in [5]. Secondly, these characterizations are effective: given
anMSO formula, one can effectively test whether it defines anEF-definable tree lan-
guage. Thirdly, these characterizations show that forEF-bisimilar invariant languages
WMSO is the Borel fragment ofMSO. Since for all tree languagesWMSO andMSO

are incomparable (cf. Remark 1 in Subsection 2.2), this cannot be true in general. It
is however an open question whether such a relative characterization ofWMSO holds
when restricted tocompletebinary trees (cf. [13]).

Theorem 1. LetL be anyMSO-definable tree language. The following are equivalent
and decidable:

(1) L is EF-definable,
(2) L is closed underEF-bisimulation andWMSO-definable,
(3) L is closed underEF-bisimulation and Borel,
(4) L is closed underEF-bisimulation, and for everyL-idempotent contextc, and for

every forestf , c(f) and(c+ cf)∞ areL-equivalent.

Note that here, we consider the monadic second-order language with the child relation
and without a horizontal sibling-order relation.

The fourth condition, which is essentially the condition that was used in [5] to char-
acterizeEF on finitely branching trees, involves some algebraic notions that we will
introduce in Section 2. Thm. 1 does not hold forfinitely branching trees. This is be-
cause on finitely branching trees, well-foundedness is equivalent to finiteness, which is
Borel and closed underEF-bisimulation but notEF-definable.

From Thm. 1, we finally obtain the following effective characterizations of modal
logic on transitive Kripke models (with a suitable definition of what it means for a class
of pointed Kripke models to be Borel):

Theorem 2. For everyµ-formulaφ, the following are equivalent and decidable:

(1) φ is equivalent on transitive Kripke models to a modal formula,
(2) φ is equivalent on transitive Kripke models to aWMSO-formula,
(3) the class of pointed transitive Kripke models satisfying φ is Borel.

Theorem 3. For everyWMSO-formulaφ(x), the following are equivalent:

(1) φ(x) is equivalent on transitive Kripke models to a modal formula,
(2) φ(x) is bisimulation invariant on transitive Kripke models.

SinceEF is a fragment of first-order logic (with the descendant relation), Thm. 1, 2
and 3 imply thatEF is theEF-bisimulation invariant fragment ofFO on trees and that
modal logic is the bisimulation invariant fragment ofFO on transitive Kripke models.
Both were known (cf. [11, Thm. 4.12]).
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2 Preliminaries and groundwork

2.1 The beauty of trees

Trees, forests, contexts.A colored directed graphg over a finite alphabetΣ, called a
Σ-colored directed graph, is given by a triple(Vg,≺g, λg) such that the domainVg is a
(possibly empty) set of nodes,≺g⊆ Vg × Vg is a directed edge (or arrow) relation and
λg : Vg → Σ is a coloring function. A nodex ∈ Vg is called a root if there is no node
y ∈ Vg such thaty ≺g x. A path from a nodex to a nodey is a sequence(x1, . . . , xn)
of nodes such thatx1 = x, xn = y and for every0 < i < n, xi ≺g xi+1. We say that
a nodex is reachable from a nodey if there is a path fromy to x. A pointedΣ-colored
directed graph is a pair(g, s) whereg is aΣ-colored directed graph ands ∈ Vg.

Unordered trees (trees, for short) will be colored directed graphs with a unique root
(if the graph is not empty) and where every node is reachable along a unique path from
the root. Given two nodesx, y ∈ Vg, we say thaty is a son ofx andx is a parent ofy
if x ≺g y. In general, if there is a path of length at least 2 fromx to y, thenx is called
anancestorof y andy is called adescendantof x. A node that is not an ancestor of any
node of a tree is called aleaf. A treet is said to befinitely branchingif for every node
x, the set of sons ofx is finite. The depth of a nodex in a treet is the length of the
path from the root oft to x. Given a treet = (Vt,≺t, λt) and nodex ∈ Vt, the subtree
rooted inx is the treet.x = (Vt.x,≺t |Vt.x

, λt|Vt.x
) whereVt.x is the set of all reachable

nodes ofVt fromx, ≺t |Vt.x
=≺t ∩(Vt.x ×Vt.x) andλt|Vt.x

= λt ∩ (Vt.x ×Σ). A tree
is calledregular if, up to isomorphism, it has only finitely many subtrees. Theset of all
trees over a finite alphabetΣ is denoted byTΣ. A subsetL ⊆ TΣ is called aΣ-tree
language, or simply a tree language.

A forest over a finite setΣ is a colored directed graph over a finite alphabetΣ with
possibly more than one root (and at least one if the domain is not empty) but such that
any node is reached by an unique path from a single root. Givena forestf , and a node
x of its domain, byf.xwe denote the subtree off rooted inx. A context is a forest with
a hole. Formally, a context overΣ is a forest overΣ ∪ {�} where exactly one node is
labeled by “�”, and it is a leaf but not a root. As usual, we do not distinguish between
two isomorphic trees or forests.

Operations on forests and contexts.We define two types of operations on forests and
contexts: a (horizontal)concatenationoperation, denoted by+, and a (vertical)compo-
sitionoperation, denoted by·. Contrary to the concatenation operation, the composition
operation is not commutative.

Given a sequence of forests(fi : i ∈ α), with α ∈ ω∪{ω}, we want to concatenate
these forests. Note that each forest can contain infinitely many rooted subtrees, and the
length of the sequence itself, i.e.,α, can be infinite. The concatenation of the forestsfi
is defined as the forest

∑
i∈α fi obtained by taking the disjoint union of all forestsfi.

Since we identify isomorphic forests, this operation is commutative and associative.
We allow also to concatenate a sequence of forests where one of them is a context.

Clearly the result of such a concatenation is a context.
Concerning vertical composition, we can compose a contextc with a forest, resp. a

context,f , and obtain as a result a forest, resp. a context,c(f) simply by replacing the
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hole node ofc by f . More formally, letc be the context(Vc,≺c, λc) andf be the forest
(Vf ,≺f , λf ). Without loss of generality, we can assume thatVc ∩ Vf = ∅. Leth ∈ Vc
be the unique node labelled by “�” andh0 ∈ Vc be its unique parent, and letρf be the
set of roots off . Thenc(f) is the forest defined by((Vc \ {h}) ∪ Vf ,≺′, λ′) where

• ≺′ |Vc\{h} =≺c |Vc\{h} and≺′ |Vf
=≺f , and for allx ∈ ρf , h0 ≺′ x,

• λ′|Vc\{h} = λc|Vc\{h} andλ′|Vf
= λf .

For every pair of contextsc, c′ and every forestf , we have thatc(c′(f)) = (c(c′))(f).
Note that, restricted to finitely (unordered) branching contexts and forests, the op-

erations of concatenation and composition correspond to the ones in [5].

Myhill-Nerode equivalence.Given a tree languageL, we want to define a notion of
equivalence with respect toL, analogous to the well known Myhill-Nerode equivalence
relation for finite words. Intuitively, two forests, or two contexts, areL-equivalent if
they “behave the same” with respect toL. The definition we use, which we will now
present, is essentially the one in [5] (cf. Remark 2).

The crucial notion here is that of atemplate. There are two kinds of templates,
forest-templatesandcontext-templates. A forest-template for an alphabetΣ is a forest
over the alphabetΣ ∪ {⋆} in which one or more leafs (possibly infinitely many) are la-
beled⋆, and no non-leaf node is labeled⋆. Similarly, a context-template forΣ is a forest
over the alphabetΣ ∪ {⋆} in which one or more nodes (possibly infinitely many) are
labeled “⋆”. Intuitively, the occurrences of “⋆” in a forest-template are placeholders for
forests, and the occurrences of “⋆” in a context-template are placeholders for contexts.

In what follows, we will make use of the operation of replacing a subtree with
another forest. We will not give a formal definition of this operation. Just note that it
can be defined in a straightforward manner by using horizontal concatenation and a
generalization of the substitution operation used in defining vertical composition.

Thus, given a forest-templatef overΣ ∪ {⋆} and a forestg overΣ, we denote by
f [⋆ 7→ g] the forest obtained by replacing every node labeled “⋆” in f with the forestg.
Similarly, given a context-templatef overΣ ∪ {⋆} and a contextc overΣ, we denote
by f [⋆ 7→ c] the forest obtained by replacing every subtree starting at anode labeled
“⋆” in f with the forest obtained by composing the contextc with the (possibly empty)
forest given by all the subtrees rooted at a child of the considered node labeled “⋆”. In
the special case wheref is the infinite unary tree labeled by “⋆”, then for every context
c, f [⋆ 7→ c] will be denoted also byc∞.

We call a forest-templateguardedif no root is labelled by “⋆”. Analogously for
context-templates. LetL ⊆ TΣ be a tree language over an alphabetΣ. We say that two
contexts,c1, c2, overΣ areL-equivalent (denoted byc1 ≡L c2) if for every guarded
context-templatet over alphabetΣ ∪ {⋆}, t[⋆ 7→ c1] ∈ L iff t[⋆ 7→ c2] ∈ L. Similarly,
two forestsf1, f2 areL-equivalent (denoted byf1 ≡L f2) if for every guarded forest-
templatet overΣ ∪ {⋆}, t[⋆ 7→ f1] ∈ L iff t[⋆ 7→ f2] ∈ L.

Note that since we are working withtree languages, we can safely ignore forests
t[⋆ 7→ f ] or t[⋆ 7→ c] that are not trees. Moreover, note that two trees (seen as forests)
can beL-equivalent while they do not agree on membership inL.

Proposition 1. L-equivalence is an equivalence relation (both on contexts and on forests).
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There is a natural generalization of forest-templates and context-templates, where
the holes are marked. More precisely, multi-forest-templates and multi-context-templates
for an alphabetΣ are forests over an extended alphabetΣ ∪ {⋆1, . . . , ⋆n}, satisfying
the same conditions as forest-templates and context-templates. Given a multi-forest-
templatet overΣ ∪ {⋆1, . . . , ⋆n} and forestsf1, . . . , fn, the forest obtained by replac-
ing every node labeled “⋆i” in t with the forestfi, with i = 1, . . . , n is denoted by
t[⋆1 7→ f1, . . . , ⋆n 7→ fn]. Similarly for multi-context-templates.

The next lemma forL-equivalence and multi-forest-templates will be very useful:

Lemma 1. LetL be anyΣ-tree language andf any multi-forest-template over the ex-
tended alphabetΣ∪{⋆1, . . . , ⋆n}. Consider two finite sequences ofΣ-forests(g1, . . . , gn)
and (h1, . . . , hn) such thatgi andhi are L-equivalent, for eachi = 1, . . . , n. Then
f [⋆1 7→ g1, . . . , ⋆n 7→ gn] andf [⋆1 7→ h1, . . . , ⋆n 7→ hn] are alsoL-equivalent.

The previous lemma can analogously be shown to hold for multi-context templates.
From now on, when speaking about forest, templates we alwaysmeanguardedfor-

est, analogously with context.

2.2 Monadic Second Order Logics

A colored directed graphg over an alphabetΣ can be viewed as a relational structure

Mg := 〈Vg,≺g, (P
g
a : a ∈ Σ)〉

whereP g
a are unary predicates with the interpretationP g

a = {v ∈ Vg : λg(v) = a}.
Colored directed graphs, and in particular forests, as relational structures can be de-
scribed in first- or second-order logics with the child relation (≺) plus unary predi-
cates. In this paper we are interested in monadic second-order logic (MSO) and in weak
monadic second-order logic (WMSO).

Let Var1 = {x, y, . . . } be a countable infinite set of first-order variables, and
Var2 = {X,Y, . . . } a countable infinite set of monadic second-order variables.Given a
finite alphabetΣ, the set ofMSO-formulae overΣ is defined by the following grammar:

φ ::= x ≺ y | x = y | Pa(x) | X(x) | ¬φ | φ ∧ φ | ∃xφ | ∃Xφ

with a ∈ Σ, x ∈ Var1,X ∈ Var2. A formula with no free variables is called asentence.
The semantics ofMSO-formulae is given in terms of valuations. Letg be a col-

ored directed graph. We can identify a valuationval over g with a pair of functions
(val1, val2) whereval1 : Var1 → Vg andval2 : Var2 → ℘(Vg) (we use℘ to denote
powerset). Thus, a valuation for a (nonempty) colored directed graphg assigns to every
first-order variable an element from the domain and to each second order variable a
set of elements from the domain. Aweakvaluation is a valuation that assigns to each
monadic second-order variable a finite set, i.e., such thatval2 : Var2 → ℘fin(Vg).

The meaning of a formulaφ in a nonempty colored directed graphg relative to a
valuationval for g is then defined in a standard way, using arbitrary valuationsor using
weak valuations. When we say that a formula is anMSO-formula, resp. aWMSO-
formula, we mean that the formula is interpreted using arbitrary, resp. weak valuations.
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Remark 1.The adjective “weak” is a bit misleading, sinceWMSO is in general not a
fragment ofMSO. Indeed, the class of finitely branching trees is not definable inMSO

(because, as we will see, everyMSO-formula that is satisfiable on trees is true of some
finitely branching tree) but is defined by theWMSO-formula∀x∃X∀y(x ≺ y → Xy).
The class of well-founded trees is definable inMSO but not inWMSO, as will follow
from results we discuss below (in particular, from the fact that the class of well-founded
trees is not Borel). On finitely branching trees,WMSO is strictly less expressive than
MSO. This follows from the fact that on finitely branching trees “X is a finite set” is
expressed by theMSO-formula∀Y (∀x(Y x→ Xx) ∧ ∀y(Y y → ∃z(Y z ∧ y ≺ z)) →
¬∃y(Y y)) (“X does not contain an infinite path”).

Given anMSO sentenceφ over the alphabetΣ, the tree language defined byφ is
the set of non empty trees:

L(φ) = {t ∈ TΣ \ {∅} : φ is true inMt}

Analogously for aWMSO-formula. We say that a tree languageL is (W)MSO-definable
if there is a (W)MSO-formulaφ such thatL = L(φ).

Forn ≥ 1, we denote by≡n the equivalence relation that holds between two struc-
tures if they cannot be distinguished by anMSO-sentence of quantifier depthn. It is
well known that, for eachn ≥ 1, over a finite signature, there are only finitely many
≡n-classes of structures. It follows that every structure canbe completely described
up to≡n-equivalence by a singleMSO-sentence of quantifier depthn. Furthermore,
the equivalence relation≡n can be characterized using a variant of Ehrenfeucht-Fraı̈ssé
games. These games are similar to the ones for first-order logic, except that there is a
second type of move, where Spoiler selects a set of elements in one of the two structures
and Duplicator responds with a corresponding set of elements in the other structure (in
order for Duplicator to win the game, the resulting bijection should not only be a par-
tial isomorphism with respect to the relations in the structures, but should also preserve
membership in the chosen sets). As in the first-order case, Duplicator has a winning
strategy in then-round game (n ≥ 1) iff the two structures satisfy the sameMSO-
formulae of quantifier depth at mostn.

Proposition 2. If L is an MSO-definable tree language, then there are only finitely
manyL-equivalence classes of forests and contexts. Moreover, every L-equivalence
class (of forests and of contexts) has a finitely branching and regular member.

Remark 2.It can be naturally asked what is the relation between the introduced no-
tion of L-equivalence and the one originally introduced by Bojańczyk and Idziaszek.
It follows by the previous Prop. 2 that ifL-equivalence were defined using regular
forest-templates and regular context-templates only, theresult would be the same as
L-equivalence the way we defined, assuming thatL is aMSO definable tree language.
This means that our definition essentially coincides with the one used in [5].

We still need a slightly more fine-grained version of Prop. 2.Let c be a context and
f a forest. By aforest built fromc andf , we will mean a forestg for which there exists
a forests such that replacing each non-leaf node ins by a copy ofc and replacing each
leaf-node ofs by a copy off yieldsg. We then say thats is theskeletonof g.
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Proposition 3. Let L be anyMSO-definable tree language. Letc be a context,f a
forest andg a forest built fromc andf whose skeleton satisfies someMSO-sentenceψ.
Then there is anL-equivalent forestg′ built from c andf , whose skeleton is regular,
finitely branching and satisfiesψ as well.

2.3 The logicEF andEF-bisimulation

Fix an alphabetΣ. The set of formulae ofEF overΣ is defined by the grammar

φ ::= a | φ ∧ φ | ¬φ | EFφ (a ∈ Σ)

The semantics ofEF over non emptyΣ-trees (where the distinguished node is the root
of the tree) is defined inductively as usual by saying that every EF-formulaa ∈ Σ is
true in trees with root labela and that anEF formulaEFφ is true in trees that have a
proper subtree whereφ is true. For anyEF formulaφ, the class of trees whereφ is true
is denoted byL(φ). Given a tree languageL, we say thatL is EF-definable if there is
anEF-formulaφ such thatL = L(φ). The following is well-known (see, e.g., [3]):

Proposition 4. EveryEF-definable tree language is alsoWMSO-definable (and, in
fact, definable in first-order logic with the descendant relation).

Following [5], we introduce a special bisimilarity game on forests, called theEF
bisimulation game. We first define the game in the case of trees. Let t0 andt1 be two
trees. TheEF bisimulation game overt0 andt1 is played by two players: Bob and Anne.
The game proceeds in rounds. At the beginning of each round, the state in the game is a
pair of trees(t′0, t

′
1). A round is played as follows. First if the root labelsa0, a1 of t′0, t

′
1

are different, then Bob wins the whole game. Otherwise Bob selects one of the treest′i,
for i = 0, 1, and its subtreesi. Then Anne selects a subtrees1−i in the other treet′1−i.
The round is finished, and a new round is played with the state updated to(s0, s1). If
Anne can survive for infinitely many rounds in theEF bisimulation game ont0 andt1,
then we say that the treest0 andt1 areEF-bisimilar.

Note that clearly if two trees are bisimilar in the standard way, they also areEF-
bisimilar. The converse need not to be true. Consider for example the binary treet on
the alphabet{a, b} where the only nodes labelled bya are the nodes02k+1, with k > 0,
and the treet′ on the alphabet{a, b} where the only nodes labelled bya are the nodes
02k, with k > 0. The two trees areEF-bisimilar but not bisimilar.

A tree languageL is calledinvariant underEF-bisimulationif it is impossible to
find two trees,t0 ∈ L andt1 /∈ L that areEF-bisimilar. From the previous remark on
the interrelation between standard bisimilarity andEF bisimilarity, if two tree languages
areEF-bisimilar they are also bisimilar, but the converse is in general not true.

This game is so designed that all tree languages defined by anEF formula are in-
variant underEF-bisimulation. Formally, we have that:

Proposition 5 ([5]).EveryEF-definable tree language is invariant underEF-bisimulation.

The converse is false. A counter-example is the language of all well-founded trees
over a fixed finite alphabet. This language is invariant underEF-bisimulation but it
cannot be defined by anEF-formula, as follow from Thm. 1.

We say that a contextc isL-idempotentif the compositionc(c) isL-equivalent toc.
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Theorem 4. AnMSO definable tree languageL can be defined by anEF formula iff

(1) L is invariant underEF-bisimulation;
(2) for everyL-idempotent contextc and for every forestf , c(f) ≡L (c+ c(f))∞

Moreover the previous two conditions are decidable.

Remark 3.This characterization of the logicEF was proved by Bojańczyk and Idzi-
aszek in [5] for the case of finitely branching trees. It follows from Prop. 2 that the
result holds for arbitrarily branching trees as well. Strictly speaking, the result in [5] is
different as it characterizes definability byEF-formulae that are Boolean combination
of formulae of the formEFφ. However, as explained in [5], this is not an essential re-
striction. More precisely, call anEF-formulaψ a EF-forest formulaif ψ is a Boolean
combinations of formulae of the formEFφ. Then, one can prove that everyEF-formula
φ is logically equivalent to

∧
a∈A(a → φa), where eachφa is anEF-forest formula.

This means that a tree languageL is EF-definable iff, for everya ∈ A, the language
La is definable by anEF-forest formula, where a treet is said to be inLa iff the tree
obtained fromt by relabeling its root witha is inL. Thus, the equivalence relation≡L

in the previous theorem is, strictly speaking, the finite intersection of all≡La
.

We extend the notion ofEF-bisimilarity to forests by saying that two forestsf1, f2
areEF-bisimilar if the trees obtained fromf1 andf2 by adding a “fresh” root, areEF-
bisimilar. More precisely, letf1 andf2 be two forests overΣ. Let t1 and t2 be any
pair of trees overΣ ∪ {a}, a /∈ Σ, such that: (i) each forestfi is obtained from the
corresponding treeti by removing the root node and (ii)t1(ε) = t2(ε) = a. Then we
say thatf1 andf2 areEF-bisimilar if the treest1 andt2 areEF-bisimilar. Note that for
forestsf1 andf2 consisting of a single treet1 andt2 respectively, saying thatf1 andf2
areEF-bisimilar is not the same as saying thatt1 andt2 areEF-bisimilar.

The following lemma, relatingEF-bisimilarity toL-equivalence, will come in handy
later on. Call two contextsEF-bisimilar, if they are bisimilar when viewed as forests
over an alphabet containing an additional label “�”.

Lemma 2. LetL be anyEF-bisimulation-invariant tree language. Then every twoEF-
bisimilar forests areL-equivalent and every twoEF-bisimilar contexts areL-equivalent.

2.4 The topological complexity of tree languages

A topological space is a setX together with a collectionτ of subsets ofX (called the
open sets) containing the empty set andX itself, such thatτ is closed under arbitrary
unions and finite intersections. Subsets of a topological spaceX can be classified ac-
cording to their topological complexity, where the open sets and their complements (the
closed sets) are considered to have the lowest complexity. In this context, the notion of a
Borel set naturally arises. The setBorel(X) of Borel sets of a topological space(X, τ)
is the smallest set that contains all open sets ofX , and is closed under countable unions
and complementation. The Borel sets of a topological space can be further classified
into an infinite hierarchy, but this will be irrelevant for present purposes.

The topology we will consider here on trees is theprefix topology, where the open
sets are, intuitively, those sets of trees for which membership of a tree is witnessed by
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a finite-depth prefix of the tree. Thus, for example the set of trees containing a node
labeleda is an open set, but the complement is not.

Formally, for aΣ-treet and a natural numbern ≥ 1, thedepth-n prefixof t, denoted
by t(n), is theΣ-tree obtained by restricting the domain oft to all the elements ofVt of
depth at mostn. We say that two treest, t′ areequivalent up to depthn if t(n) = t′(n).
We call a setX of trees open if for eacht ∈ X there is a natural numbern ≥ 1 such
that for all treest′, if t andt′ are equivalent up to depthn thent′ ∈ X . The reader
may verify that this indeed yields a topological space. Whenwe say that a set of trees
is Borel, we will mean that it is Borel with respect to this topology.

By induction on the structure of a formula, it is easy to verify that:

Proposition 6. EveryWMSO-definable set of trees is Borel.

A tree is well-foundedif it has no infinite branch. It is well-known that the tree
language of all well-founded trees is an example of a tree language that isnot Borel.

Given two topological spacesX andY , a functionF : X → Y is continuous if
for every open setB ⊆ Y , F−1(B) ⊆ X is also open. IfF : X → Y is a continuous
function, andA ⊆ X andB ⊆ Y are sets such thatF−1(B) = A, then we write
A ≤W B, and we say thatA continuously reduces toB. The relation≤W is clearly a
pre-order. Intuitively,A ≤W B means thatA is topologically no more complex than
B. In particular, we have the following well known fact:

Proposition 7. If X andY are topological spacesA ⊆ X , B ⊆ Y are sets, such that
A ≤W B, thenB ∈ Borel(Y ) impliesA ∈ Borel(X).

Given a depth-n prefix t(n) overΣ, by t(n) · TΣ we denote the set of all trees overΣ
extendingt(n). The next proposition, determining a sufficient condition for a function
in order to be continuous, will be very useful.

Proposition 8. LetΣ andΣ′ be two finite sets, andF be a function fromTΣ into TΣ′ .
If for every depth-n prefix t(n) overΣ there exists a depth-n prefix t′(n) overΣ′ such
thatF (t(n) · TΣ) ⊆ t′(n) · TΣ′ , thenF is continuous.

3 Main Result

We now prove the equivalence of the given characterizationsof the logicEF on trees.

Theorem 1. LetL be anyMSO-definable tree language. The following are equivalent
and decidable:
(1) L is EF-definable,
(2) L is closed underEF-bisimulation andWMSO-definable,
(3) L is closed underEF-bisimulation and Borel,
(4) L is closed underEF-bisimulation, and for everyL-idempotent contextc, and for

every forestf , c(f) and(c+ cf)∞ areL-equivalent.

Proof. The proof proceeds in a round-robin fashion. Decidability follows from Thm. 4.
(1)⇒(2) follows by applying Prop. 5 and Prop. 4, (2)⇒(3) by Prop. 6, while (4)⇒(1)
is given by Thm. 4. The proof of (3)⇒(4) is by contraposition. Suppose there is an
idempotent contextc and a forestt such thatc(t) and(c+ c(t))∞ are notL-equivalent.
There are two cases:
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(a) for some forest-templatee, e[⋆ 7→ c(t)] ∈ L ande[⋆ 7→ (c+ c(t))∞] 6∈ L,
(b) for some forest-templatee, e[⋆ 7→ c(t)] 6∈ L ande[⋆ 7→ (c+ c(t))∞] ∈ L.

We will show that both these two possibilities imply thatL is not Borel, by giving a
continuous reduction of the non-Borel setWF or its complement toL. Recall thatWF

is the set of all well-founded trees over an alphabet consisting of a single lettera.
For any treet′ over{a}, let t̂′ be the forest obtained as follows: ift′ is the empty

tree then̂t′ is ct, otherwisêt′ is obtained by replacing every leaf node oft′ by the forest
ct, and replacing every non-leaf node by the context(c + ct). Finally, letF (t′) be the
treee(t̂′), i.e., the result of replacing every⋆ in e by t̂′. Because for everyk, the firstk
levels oft determines the firstk levels ofF (t), by Prop. 8F is continuous.

Claim (i) if t′ ∈ WF, thent̂′ isL-equivalent toct
Claim (ii) if t′ /∈ WF, thent̂′ isL-equivalent to(c+ ct)∞

This implies thatL is not Borel. Indeed, suppose case (a) holds. From the above
claim, we obtain thatt′ ∈ WF iff F (t′) ∈ L. This means thatF−1(L) = WF, proving
thatWF ≤W L. Analogously, if case (b) holds, from the previous claim we obtain that
t′ ∈ WF∁ iff F (t′) ∈ L, whereWF∁ is the complement ofWF. ThusF−1(L) = WF∁

and thereforeWF∁ ≤W L. It remains only to prove the above claim.
We first introduce some terminology. Clearly,t̂′ is a forest that is built from the

contextc and the treet. Let us denote the skeleton oft̂′ by s. Suppose thats is not well-
founded. Ifx is a node in the domain ofs such that the subtrees.x is well-founded and
there is no ancestory of x such thats.y is also well-founded, then we call the subforest
of t̂′ built up fromc andt whose skeleton iss.x amaximal well-founded subforest oft̂′.

We first prove claim (i). Suppose thatt′ ∈ WF. Then, clearly,s is well-founded. By
Prop. 3,t̂′ is L-equivalent to a finitely branching, regular forestt′′ built up fromc and
t whose skeletons′′ is well-founded (recall that well-foundedness isMSO-definable).
Since every infinite finitely branching tree has an infinite branch, we then know that the
skeletons′′ is in fact finite. Letk be the length of the longest branch ofs′′. It is easy
to see thats′′ is EF-bisimilar to a tree that has a single path whose labels (readfrom
the root to the leaf) form the wordck+1t. For convenience, we denote this tree itself by
ck+1t. Analogously, it is not hard to see thatt′′ isEF-bisimilar to the forest built up from
c andt whose skeleton isck+1t, i.e., the forestck+1t. SinceEF-bisimilarity impliesL-
equivalence (Lemma 2),̂t′ is L-equivalent tock+1t. And sincec is anL-idempotent
context, we have that̂t′ is in factL-equivalent toct.

Next, we prove claim (ii). Suppose thatt′ 6∈ WF. Clearly,s is non well-founded. By
Prop. 3,̂t′ isL-equivalent to a regular (finitely-branching) forestt′′ built up fromc and
t whose skeletons′′ is non well-founded (recall that non well-foundedness isMSO-
definable). Becausêt′′ is regular, there are only finitely many maximal well-founded
subforests of̂t′′ built up from c and t. Thus since we know that every well-founded
forest built fromc andt is L-equivalent toct, we can take all maximal well-founded
subforests of̂t′′ built up fromc andt and replace each of these subforests byct. Here, we
use the substitution lemma (Lemma 1). Furthermore, becauseEF-bisimilarity implies
L-equivalence (Lemma 2), if the resulting forest contains several copies ofct next to
each other as siblings, they can be collapsed into one. This yields a new forest that can
be viewed as a forest built up from the contextc+ct alone, whose skeleton has no leafs.
But any such forest isEF-bisimilar, henceL-equivalent, to the forest(c+ ct)∞. ⊓⊔
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4 Eliminating recursion from µ-formulae on transitive structures

Recall that a Kripke model is a non-empty℘(Prop)-colored directed graph, whereProp
is some set of proposition letters, and that apointedKripke model is a Kripke model
with a distinguished state. We may assume thatProp is finite. Kripke models are more
general than trees: they can contain cycles, there is not necessarily a unique root, and a
node may satisfy any number of proposition letters.

We refer to [10] for the syntax and semantics of the modalµ-calculus. The class
of all pointed models of aµ-formula φ is denoted by‖φ‖, whereas the class of all
transitivepointed models ofφ is denoted by‖φ‖tr. Notice that the logicEF can be seen
as modal logic interpreted on the transitive closure of trees.

On arbitrary Kripke models, modal logic corresponds to the bisimulation invariant
fragment of first-order logic [2], whereas the modalµ-calculus is the bisimulation in-
variant fragment ofMSO [12]. This means that on arbitrary Kripke models, aµ-formula
is equivalent to a modal formula iff it is equivalent to aFO formula. Moreover, by a
result of Martin Otto [14], this is decidable. We prove an analogous effective character-
ization for transitive models:

Theorem 2. For everyµ-formulaφ, the following are equivalent and decidable:
(1) φ is equivalent on transitive Kripke models to a modal formula,
(2) φ is equivalent on transitive Kripke models to aWMSO-formula,
(3) the class of pointed transitive Kripke models satisfying φ is Borel.

For aµ-formulaφ, let (φ)∗µ be theµ-formula obtained fromφ by replacing every
subformula of the form3φ by µx.3(x ∨ φ) wherex is a fresh variable. For aWMSO

formula φ, let (φ)∗
WMSO

be theWMSO formula obtained fromφ by replacing each
subformula of the formx ≺ y by theWMSO formula that says that the nodey is
reachable fromx along≺. It is easy to see that the following holds :

Lemma 3. For every pointed Kripke model(g, s)
(1) for everyµ-formulaφ, we have that(g, s) ∈ ‖(φ)∗µ‖ iff (gtr, s) ∈ ‖φ‖tr

(2) for everyWMSO-formulaφ, we have that(φ)∗
WMSO

is true ing iff φ is true ingtr

where bygtr we denote the transitive closure ofg.

We now define what it means for a class of models to be “Borel”. Given a pointed
model(g, s), its set of tree companionsis the setT (g, s) of pointed models(t, r) such
that(g, s) is bisimilar (in the usual sense) with(t, r), and the underlying directed graph
of t is a tree with rootr. For a setP of pointed models,T (P ) =

⋃
(g,s)∈P T (g, s). We

say that the set of pointed transitive models of aµ-formulaφ is Borel iff T (‖(φ)∗µ‖),
viewed as a tree language over℘(Prop), is Borel. We can finally proceed to show how
Thm. 2 follows from Thm. 1.

Proof of Theorem 2.The implication(1) ⇒ (2) is easily verified. Thus, if we verify that
(2) ⇒ (3) and(3) ⇒ (1) we are done. For the first implication we reason as follows.
Suppose thatφ is equivalent on transitive Kripke models to aWMSO-formulaγ. Then
by Lemma 3,(φ)∗µ is equivalent on℘(Prop)-trees to theWMSO-formula (γ)∗

WMSO
.

By Prop. 6 we obtain thatT (‖(φ)∗µ‖) is a Borel set. For the second implication, first
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recall that for everyEF-formulaϕ, there is a modal formulaψ such that for every tree
t overProp, ϕ is true overt iff (t, r) ∈ ‖(ψ)∗µ‖, wherer is the root oft. Suppose that
‖φ‖tr is Borel. By definition, this means thatT (‖(φ)∗µ‖) is a Borel set. But on the one
hand we have that the setT (‖(φ)∗µ‖) is the set of tree models of theµ-formula (φ)∗µ,
meaning that it isMSO-definable. This set is clearly closed underEF-bisimulation. By
Theorem 1,T (‖(φ)∗µ‖) is EF-definable, meaning that, by applying Lemma 3, there is
modal formulaψ such that‖ψ‖tr = ‖φ‖tr. ⊓⊔

Theorem 3. For everyWMSO-formulaφ(x), the following are equivalent:
(1) φ(x) is equivalent on transitive Kripke models to a modal formula,
(2) φ(x) is bisimulation invariant on transitive Kripke models.

Proof. (1)⇒ (2) is clear. In order to prove (2)⇒ (1), we reason as follows. Letφ(x) ∈
WMSO be bisimulation invariant on transitive models. Then‖(φ(x))∗

WMSO
‖ is closed

under bisimulation. By [12], there is aµ-formulaψ equivalent to(φ(x))∗
WMSO

on all
models, meaning thatφ(x) andψ are equivalent on transitive models. By applying Thm.
2 we conclude the proof. ⊓⊔
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6. BOJAŃCZYK M., SEGOUFIN L., STRAUBING H.: Piecewise Testable Tree Languages.

LICS’08: 442–451 (2008)
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